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CHAPTER 3 NUMERICAL INTEGRATION 

In this Chapter, you will learn: 

• the definite integral, 

• three methods to do the numerical integration when the integral is complicated. 

• error analysis 

 

 
1. DEFINITE INTEGRAL 

The exact value of a definite integral ( )
b

a
f x dx   can be computed only when the function 

( )xf  is integrable in finite terms.  

Example 1: Find the following definite integral. 
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Example 2: Find the following definite integral. 

 =+
2

0

23 dxex x  

 

 

 

 

 

The definite integral of a function has an interpretation as the area under a curve. 

Whenever the function ( )xf  cannot be exactly integrated in finite terms or the evaluation 

of its integral is complicated, we can use the numerical integration. The numerical 

integrations that we are going to discuss in this chapter are Trapezoidal rule, Simpson’s 

rule and Romberg algorithm. 
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2. TRAPEZOIDAL RULE 

 

 

 

 

 

 

Let CD be the curve and its equation is ( )xfy = . To evaluate ( )
b

a
f x dx , we subdivide 

the interval from a to b into n equal parts, so that each part is equal to 
( )

n

ab
h

−
=  . 

The area of the first trapezium, ( ) ( ) 211
2

xfxf
h

A +=   

The area of the second trapezium, ( ) ( ) 322
2

xfxf
h

A +=   

And the area of nth trapezium, ( ) ( ) 1
2

++= nnn xfxf
h

A   

Total area,  

( ) ( ) ( ) ( ) ( ) ( )   ( ) ,..2,1 ,1  where...2
2

3211 =−+=+++++= + nhnaxxfxfxfxfxf
h

dxxfA nnn

b

a
T

The above formula is known as the Composite Trapezoidal rule for numerical integration. 

Example 3: Dividing the range into 4 equal parts, find the approximate value of 
1

20

1

1
dx

x+  by using Composite Trapezoidal rule. 

( ) 25.0
4

01
    ;

1

1
   ;4

2
=

−
=

+
== h

x
xfn  

( ) ( ) ( ) ( ) ( )  

( )

782794.0      

262353.6
2

25.0
      

75.05.025.0210
2

25.0

=

=

++++= fffffAT

 

 

C 

D 

a = x1  x2  x3  xn-1 xn 

A1 A2 An 

xn+1= b 



TRIMESTER 2                             CMA6134 COMPUTATIONAL METHODS               CHAPTER 3 

Page | 3 KCY/NOORSHAHIDA/THL 

Example 4: Compute an approximate value for integral given in Example 2 by using the 

Composite Trapezoidal rule with 5 points. Then compare with the actual value of the 

integral and find its absolute error. 

Integral in Example 2:  +
2

0

23 dxex x ;  5 points 4= n ; ( ) xexxf += 23 ; 5.0
4

02
=

−
=h  

( ) ( ) ( ) ( ) ( )  

( )

77161.14      

08644.59
2

5.0
      

5.10.15.0220
2

5.0

=

=

++++= fffffAT

 

Actual value, __________________3
2

0

2 =+=  dxexI x   

Absolute Error =    valueedApproximatvalueActual −  

 

 

 

 

 

 

 

 

2.1     Error Analysis 

In this section, error incurred in using the Trapezoidal rule to estimate an integral is 

analyzed. 

Theorem on Precision of Trapezoidal Rule 

If '' f  exists and is continuous on the interval ],[ ba  and if the Composite Trapezoidal 

rule T with uniform spacing h is used to estimate the integral ( )=
b

a
dxxfI , then for 

some   in ( )ba, , 

( ) ( ) ( )22 ''
12

1
hfhabTI  =−−=−  
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Proof: 

Firstly, prove the theorem when 1,0 == ba and .1=h  In this case, we have to show that 

( ) ( ) ( )  ( ) −=+−
1

0
''

12

1
10

2

1
fffdxxf          (1)  

Let p be the polynomial of degree 1 that interpolates f at 0 and 1. Then p is given by  

( ) ( ) ( ) ( ) xfffxp 010 −+=  

Hence, ( ) ( ) ( ) ( )  ( ) ( )  +=−+=
1

0
10

2

1
01

2

1
0 fffffdxxf  

By the following theorem, 

Theorem on Interpolation Errors I 

If p is the polynomial of degree at most n that interpolates f at the n + 1 distinct nodes  

nxxx ,...,, 10  belonging to an interval  ba,  and if ( )1+nf  is continuous, then for each x in 

 ba, , there is a  in ( )ba,  for which 

( ) ( )
( )

( )( ) ( )
=

+ −
+

=−
n

i

i

n xxf
n

xpxf
0

1

!1

1
  

we have ( )1,0,1 10 === xxn  

    ( ) ( ) ( )  ( )1''
2

1
−=− xxxfxpxf                        (2) 

where ( )x  depends on x in ( )1,0 . From Equation (2), it follows that  

( ) ( ) ( )  ( )dxxxxfdxxpdxxf 1''
2

1 1

0

1

0

1

0
−=−    

That ( ) xf ''  is continuous can be proven by solving Equation (2) for ( ) xf ''  and 

verifying the continuity. Notice that ( )1−xx  does not change sign in the interval  1,0 . 

Hence, by the Mean-Value Theorem for Integrals (refer to page 5), there is a point x = s 

for which 

( )  ( ) ( )  ( ) ( ) ''
6

1
1''1''

1

0

1

0
fdxxxsfdxxxxf −=−=−   

By putting all these equations together, Equation (1) is obtained. From Equation (1), by 

making a change of variable, the Basic Trapezoidal rule with its error term is obtained. 
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( ) ( ) ( )  ( ) ( )''
12

1

2

31

0
fabbfaf

ab
dxxf −−+

−
=                             (3)  

( ) ( ) ( )  ( ) ( )''
12

1

2

31

0
fabbfaf

ab
dxxf −−=+

−
−  

This is the Trapezoidal rule and error term for the interval  ba,  with only one subinterval, 

which is the entire interval. Thus, the error term is ( )3h , where abh −= . Here,  is in 

( )ba, . 

Now, let the interval  ba,  be divided into n equal subintervals by points nxxx ,...,, 10  with 

spacing h. Applying Equation (3) to subinterval  1, +ii xx , we have 

( ) ( ) ( )  ( )iii

x

x
fhxfxf

h
dxxf

i

i

''
12

1

2

3

1

1

−+= +
+

 

where 1+ iii xx   . We use this result over the interval  ba, , obtaining the Composite 

Trapezoidal rule 

       ( ) ( ) ( ) ( )  ( )
−

=

−

=

+

−

=

−+==
+

1

0

31

0

1

1

0

''
122

1
n

i

i

n

i

ii

n

i

x

x

b

a
f

h
xfxf

h
dxxfdxxf

i

i

       (4) 

The final term in Equation (4) is the error term and it can be simplified in the following 

way: Since 
n

ab
h

−
= , the error term for the Composite Trapezoidal rule is  

( ) ( ) ( ) 
−

=

−

=

−
−=







−
−=−

1

0

2
1

0

2
3

''
12

''
1

12
''

12

n

i

n

i

ii fh
ab

f
n

h
ab

f
h

  

The average ( )








−

=

1

0

''
1 n

i

if
n

  lies between the least and the greatest values of ''f  on the 

interval ( )ba, . Hence, by the Intermediate-Value Theorem, it is ( )''f  for some point 

  in ( )ba, . This completes the proof of the error formula. 

Mean-Value Theorem for Integrals 

Let f be continuous on  ba,  and assume 

that g is Riemann-integrable on  ba, . If 

( ) 0
=
xg  on  ba, , then there exists a point 

  such that ba    and 

( ) ( ) ( ) ( )dxxgfdxxgxf
b

a

b

a  =   

Intermediate-Value Theorem 

If the function g is continuous on an 

interval  ba, , then for each c between ( )ag  

and ( )bg , there is a point   in  ba,  for 

which ( ) cg = . 
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Error formula for Trapezoidal rule: 

1. Basic Trapezoidal rule:  ( ) ( )''
12

1 3
fab−−  for ba    

2. Composite Trapezoidal rule:  ( )''
12

2 fh
ab−

−  for ba    

Example 5: If the Composite Trapezoidal rule is to be used to compute dxe x


−

1

0

2

 with an 

error of at most 410
2

1 − , how many points should be used? 

The error formula is ( )''
12

2 fh
ab−

− . 

( ) ( ) ( ) ( ) 222

24'',2', 2 xxx exxfxexfexf −−− −=−==  

Thus, ( ) 2'' xf  on the interval  1,0 . 

( ) ( ) ( ) 2222

6

1
2

12

1
''

12
''

12
hhfh

ab
fh

ab
==

−
=

−
−   

 To have an error of at most 410
2

1 − , we require 42 10
2

1

6

1 −h  or 
2103 −h . 

:/1 nh =  so 58n . Hence, 59 or more points will certainly produce the desired accuracy. 

 

Example 6: How many subintervals are needed to approximate dx
x

x


1

0

sin
 with error not to 

exceed 510
2

1 −  using the Composite Trapezoidal rule? Here, the integrand, 

( ) xxxf sin1−= , is defined to be 1 when x is 0. 

The error formula is ( )''
12

2 fh
ab−

− . 

Now, establish a bound on ( )xf ''  for x in the range  1,0 . Taking derivatives in the usual 

way is not satisfactory because each term contains x with a negative power, and it is 

difficult to find an upper bound on ( )xf '' . However using Taylor series, we have 

Reminder: 

n subintervals = (n+1) points 
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( )

( )

( ) ...
!9

87

!7

65

!5

43

!3

2
''

...
!9

8

!7

6

!5

4

!3

2
'

...
!9!7!5!3

1

642

753

8642

−


+


−


+−=

−+−+−=

−+−+−=

xxx
xf

xxxx
xf

xxxx
xf

 

Thus, on the interval  1,0 , ( )xf ''  cannot exceed 
2

1
 because 

2

1
...

8

1

4

1

2

1

24

1

10

1

3

1
...

!9

87

!7

65

!5

43

!3

2









++++++


+


+


+  

Therefore, the error term ( ) ( ) 12/''2 fhab −  cannot exceed 24/2h . 

( ) ( ) ( ) ( ) 2222

24

1

2

1

12

1
12/''12/'' hhfhabfhab =








=−=−−   

To have an error of at most 510
2

1 − , we require 52 10
2

1

24

1 −h  or 
2102.1 −h .  

( ) 29.91102.1/1 2 =n . This analysis shows that 92 subintervals are needed. 

  

3. SIMPSON’S RULE 

 

 

 

 

 

 

Let CD be the curve and its equation is ( )xfy = . To evaluate ( )
b

a
f x dx , we subdivide 

the interval from a to b into 2n equal parts, so that each part is equal to 
( )

n

ab
h

2

−
=  . 

By Simpson’s parabolic rule, 

C 

D 

a = x1  x2  x3  x2n-1 x2n 

A1 A2 An 

x2n+1= b 
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the first area, ( ) ( ) ( ) 3211 4
3

1
xfxfxfhA ++=  

the second area, ( ) ( ) ( ) 5432 4
3

1
xfxfxfhA ++=  

and the nth area, ( ) ( ) ( ) 12212 4
3

1
+− ++= nnnn xfxfxfhA  

Total area, 

( )
( ) ( ) ( ) ( ) ( ) 

( ) ( ) ( ) 
( ) ,..2,1 ,1  where

...2

...4

3 1253

242121
=−+=









++++

+++++
=

−

+

 nhnax
xfxfxf

xfxfxfxfxfh
dxxfA n

n

nn
b

a
S

 

Example 7: Dividing the range into 4 equal parts, find the approximate value of 

1

20

1

1
dx

x+  by using Simpson’s rule.
 

( ) ( ) ( ) ( )  ( ) 

( )

785392.0      

42470588.9
12

1
      

5.0275.025.0410
4

1

3

1

=

=

++++







= fffffAS

 

Example 8: Compute an approximate value for integral given in Example 2 by using the 

Simpson’s rule with 5 points. Then compare with the actual value of the integral and find 

its absolute error. 

Integral in Example 2:  +
2

0

23 dxex x ;   5 points 4= n ; ( ) 2xxf = ; 5.0
4

02
=

−
=h  

( ) ( ) ( ) ( ) ( )  ( )  

( )

39121.14      

34726.86
3

5.0
      

0.125.15.04205.0
3

1

=

=

++++= fffffAS

 

Actual value, __________________3
2

0

2 =+=  dxexI x   

Absolute Error =    valueedApproximatvalueActual −  
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3.1     Error Analysis 

A numerical integration rule over two equal subintervals with partition points 

haxa += ,1
 and 122 +==+ nxbha is the widely used Basic Simpson’s rule: 

       ( ) ( ) ( ) ( ) hafhafaf
h

dxxf
ha

a
24

3

2

+++++
+

                                 (5) 

The error term in Simpson’s rule can be established by using the Taylor series: 

( ) ( ) ...
!4

1
'''

!3

1
''

!2

1
' 4432 +++++=+ fhfhfhhffhaf  

Now replacing h by 2h: 

( ) ( ) ...
!4

2
'''

3

4
''2'22 44

4
32 +++++=+ fhfhfhhffhaf  

where the functions ,...'',', fff  on the right-hand side are evaluated at a. 

Using these two series, we obtain 

 ( ) ( ) ( ) ( ) ...
!4

20
'''2''4'6624 4432 +++++=++++ fhfhfhhffhafhafaf  

and thereby, we have 

      ( ) ( ) ( )  ( ) ...
!43

20
'''

3

2
''

3

4
'2224

3

45432 +


++++=++++ fhfhfhfhhfhafhafaf
h

      (6) 

Hence, we have a series for the right-hand side of Equation (5). Now let’s find one for the 

left-hand side. The Taylor series for ( )haF 2+  is 

       ( ) ( ) ( ) ( ) ( ) ( )( ) ( )( ) ...
!5

2

3

2
'''

3

4
''2'22 5

5
4432 ++++++=+ aFaFhaFhaFhahFaFhaF  

Let ( ) ( )=
x

a
dttfxF . By the Fundamental Theorem of Calculus, fF =' . We observe that 

( ) 0=aF  and ( )haF 2+  is the integral on the left-hand side of Equation (5). Since 

,''''',''' fFfF ==  and so on, we have  

     ( ) ( ) ...
!45

2
'''

3

2
''

3

4
'22 45

5
432

2

+


++++=
+

fhfhfhfhhfdxxf
ha

a
                  (7) 

Subtracting Equation (6) from Equation (7), we obtain 
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( ) ( ) ( ) ( )  ( ) ...
90

24
3

4
5

2

−−++++=
+

f
h

hafhafaf
h

dxxf
ha

a
 

We can rewrite the Basic Simpson’s rule over the interval  ba,  as  

( )
( )

( ) ( )







+







 +
+

−
 bf

ba
faf

ab
dxxf

b

a 2
4

6
 

with error term ( )( )45

90

1
fh−  for some   in ( ).,ba  

Suppose that the interval  ba,  is subdivided into an even number of subintervals, say n, 

each of width ( ) nabh /−=  . Then the partition points are ihaxi +=  for ni
==
0 , where 

n is divisible by 2. Now from basic calculus, we have 

( ) ( )
( )

=

+

−+
=

2/

1

2

12

n

i

iha

hia

b

a
dxxfdxxf  

Using the Basic Simpson’s rule, we have, for the right-hand side, 

( )( ) ( )( ) ( ) 

( ) ( )
( )

( )( )
( )

( ) ( )
( )









+++−++++=

++−++−+





−

==

−

=

=

12/

1

2/

1

12/

1

2/

1

21242
3

212412
3

n

i

n

i

n

i

n

i

bfihafhiafihafaf
h

ihafhiafhiaf
h

 

Thus, we obtain the Composite Simpson’s rule over n (even) subintervals 

( ) ( ) ( )  ( )( )
( )

( )
( )









++−+++ 
==

2/2/

1

2/

1

22124
3

n

i

n

i

b

a
ihafhiafbfaf

h
dxxf  where ( ) nabh /−= . 

The error term is ( ) ( )( )44

180

1
fhab −−  for some   in ( ).,ba  

Error formula for Simpson’s rule: 

1. Basic Simpson’s rule: ( )( )45

90

1
fh−  for some   in ( )ba,  

2. Composite Simpson’s rule: ( ) ( )( )44

180

1
fhab −−  for some   in ( )ba,  
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Example 9: Apply the Basic Simpson’s rule to approximate dxx
2

1
ln , and find an upper 

bound for the error in your approximations. 

( ) ( ) ( ) 

( ) ( ) ( ) 

3858.02ln
2

3
ln41ln

3

5.0
            

22/341
3

5.0
            

24
3

ln
2

1









++=

++=

++++

fff

hafhafaf
h

dxx

 

The error for Basic Simpson’s rule is ( )( )45

90

1
fh−  where 21   . Since 

( )( )
4

4 6

x
xf −= , ( )( )

44

4 66

xx
xf =−= . Thus, ( )( ) 64 xf  on the interval  2,1 . 

The error is at most 
( )( )

( )
( ) 0021.0

480

1
6

90

5.0

90

1
5

45 =− fh  

 

 

4. ROMBERG ALGORITHM 

The Romberg algorithm produces a triangular array of numbers, all of which are 

numerical estimates of the definite integral ( )
b

a
f x dx . The array is denoted here by the 

notation 

 

                                           

( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )mnRnRnRnRnR

RRRR

RRR

RR

R

,           3,  2,  1,  0,

                                                   

3,3  2,3  1,3  0,3

2,2  1,2  0,2

1,1  0,1

0,0





 

The first column of this table contains estimates of the integral obtained by the recursive 

trapezoid formula with decreasing values of the step size. Explicitly, ( )0,nR  is the result 

n 

0 

1

n 2 

3 

  

0 1 2 3 … 
m 
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of applying the trapezoid rule with
n

2  equal subintervals. The first of them, ( )0,0R , is 

obtained with just one trapezoid: 

 

 

Note that ( )0,nR  is obtained easily from ( )0,1−nR , that is 

 

   

The second and successive columns in the Romberg array are generated by the 

extrapolation formula 

 

 

with 1n , 1m and nm  . 

 

Example 10: If ( ) 82,8 =R  and ( ) 12,7 =R , what is ( )3,8R ? 

( ) ( ) ( ) ( ) 
9

73
  2,72,8

63

1
2,83,8 =−+= RRRR  

Example 11: Compute 
1

20

1

1
dx

x+  by the Romberg algorithm using 4 equal parts and 

show your calculations correct to SIX decimal places. Then, compare with the values 

obtained from the methods of Composite Trapezoidal rule (Example 3) and Simpson’s 

rule (Example 7). 

n 0 1 2       3 

0 0.750000    

1 0.775000 0.783333   

2 0.782794    

3     

 

( ) ( ) ( ) ( ) 1,11,
14

1
1,, −−−−

−
+−= mnRmnRmnRmnR

m
 

( ) ( ) ( ) 
( )

1  , 

2

   ; 

1

12 0,1
2

1
0,

1
2


−

=
=

−++−=

−

n
n

ab
h

k

hkafhnRnR

n

 

( ) ( ) ( ) ( ) bfafabR +−=
2

1
0,0  


